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Abstract. We study standard protocol P0 for teleporting the one-qubit state with both the transmission
process of the two qubits constitute the quantum channel and the recovery operations performed by Bob
disturbed by the decohering environment. The results revealed that Bob’s imperfect operations do not
eliminate the possibility of nonclassical teleportation fidelity provided he shares an ideal channel state
with Alice, while the transmission process is constrained by a critical time t0,c longer than which will
result in failure of P0 if the two qubits are corrupted by the decohering environment. Moreover, we found
that under the condition of the same decoherence rate γ, the teleportation protocol is significantly more
fragile when it is executed under the influence of the noisy environment than those under the influence of
the dissipative and dephasing environments.
PACS. 03.67.Hk Quantum communication – 03.65.Yz Decoherence; open systems; quantum statistical
methods – 75.10.Jm Quantized spin models
1 Introduction
Quantum teleportation [1], the disembodied transport of a
quantum state based on the nonlocal properties of an en-
tangled state resource, has been demonstrated to be one
of the most peculiar and fascinating aspects of quantum
information theory. Together with the help of local op-
erations and classical communication (LOCC), it allows
sending the quantum information from a sender, conven-
tionally named Alice, to a distant receiver Bob, with fi-
delity (see Section 2) better than that achievable via clas-
sical communication alone, with the cost of destroying the
original state. Due to the important role it played in quan-
tum information theory, a lot of theoretical works [2,3,4,
5] have been devoted to it in recent years. Experimental
realization of quantum teleportation has also been success-
fully demonstrated with photonic qubits [6,7] and atomic
qubits [8,9].
The practical implementation of quantum teleporta-
tion begins with the preparation of a pair of entangled
qubits which are shared by two parties, Alice and Bob.
This step establishes a quantum link between them (see
Figure 1). Alice receives a state to be teleported and per-
forms the Bell state measurement on her two qubits, and
then communicates classically the measurement result (two
bits of classical information) to Bob, who uses it to per-
form recovery operations on his qubit, thus completing
the process of teleportation. The perfect implementation
of this quantum protocol requires the sharing of the maxi-
a e-mail: mingliang0301@xupt.edu.cn
mally entangled channel state and complete coherent con-
trol over a system’s quantum state. In real circumstances,
however, decoherence due to the inevitable interaction of
the system with the surrounding environment makes it
very difficult to prepare the maximally entangled channel
states [10,11,12,13], and the amount of entanglement may
be further reduced when the two qubits being distributed
to Alice and Bob because during the transmission pro-
cess, the qubits may also be exposed to decohering en-
vironment. For this reason, a number of schemes using
non-maximally entangled state as resource have been pro-
posed [2,3,4]. These works reveal several interesting as-
pects of quantum entanglement in terms of their telepor-
tation capacity. Particularly, it is shown in reference [3]
that standard teleportation with an arbitrary entangled
mixed state resource is equivalent to a generalized depo-
larizing channel with probabilities given by the maximally
entangled components of the resource.
Although teleportation with system decoherence have
been studied by many authors in recent years [14,15,16,
17,18], we noted that the effects of imperfect operations
(e.g., the Bell state measurement performed by Alice and
the recovery operations performed by Bob) on quantum
teleportation has seldom been considered. However, a through
understanding of this problem is obviously vital for the
achievement of high efficient and long distance quantum
communication, for in the presence of a decohering en-
vironment, it is difficult to execute the complete coher-
ent control of a quantum state. Indeed, several recent
works [14,18] have demonstrated that the noisy opera-
tions may have significant influence on reducing fidelity
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Fig. 1. (Color online) Schematic picture of quantum telepor-
tation of the one-qubit state (encoded at qubit 1) in the de-
cohering environment. Here the “ammeter” symbols represent
quantum measurements, while the “lightning” symbols repre-
sent decoherence imposed by the external environment. More-
over, we assume that the decoherence only takes place when the
two qubits (2 and 3) being transmitted form the EPR source
to Alice and Bob (using time, say t0) and when Bob performs
the recovery operations.
of the expected outcomes. Stimulated by this observation,
in the present paper we would like to reexamine the stan-
dard teleportation protocol P0 [1] with the addition of
environment-disturbed recovery operations. Although this
issue is somewhat similar to that discussed in reference
[18], we concentrated on, however, different mechanisms
of decoherence (see Section 2 for more detail), and thus
one may expects that it will include new features charac-
teristic of the considered system here. Our results revealed
that in order to execute the quantum teleportation proto-
col with fidelity better than the classical communication
alone will do, the rotation rate ω of Bob’s recovery oper-
ations must be larger than a critical value. Moreover, if
the channel state is prepared maximally and distributed
to Alice and Bob without decoherence, then Bob’s imper-
fect recovery operations do not rule out the possibility of
nonclassical teleportation of a quantum state. For the de-
cohered channel states, however, the transmission time t0
(see Figure 1) of the two qubits must be shorter than a
critical value to ensure success of the standard teleporta-
tion protocol.
2 Basic formalism
During the teleportation process, the unavoidable inter-
action of an open quantum system with its surrounding
environment is an important source of decoherence [19].
In order to describe such process, a master equation ap-
proach can be used. Under the assumption of Markovian
and Born approximations and after performing the par-
tial trace over the environmental degrees of freedom, the
reduced density operator ρ of the open quantum system
evolves according to a general master equation in the Lind-
blad form [19,20]
dρ
dt
= −i[Hˆ, ρ]+ γ
2
∑
k,i
(2Lk,iρL†k,i−L†k,iLk,iρ−ρL†k,iLk,i),
(1)
where Hˆ denotes the Hamiltonian of the system, and γ is
the phenomenological parameter that describes the cou-
pling strengths of the qubits with their respective en-
vironment. The generators of decoherence here are de-
fined in terms of the raising and lowering operators σ± =
(σ1±iσ2)/2 (σn with n = 0, 1, 2, 3 signify the 2×2 identity
matrix and the three Pauli spin operators) as Lk = σ−k for
the dissipative environment, Lk,1 = σ−k and Lk,2 = σ+k for
the noisy environment, and Lk = σ+k σ−k for the dephasing
environment [10]. Moreover, we have assumed that during
the decoherence process each qubit of the open system in-
teracts only, and independently, with its own environment.
This assumption is reasonable provided the constituents
composing the quantum system are separated by distances
large enough [19].
In the present work, we explore standard teleportation
protocol of the one-qubit state when it is executed in the
presence of dissipative, noisy and dephasing environments
[10]. For simplicity, we consider throughout this paper the
situation in which Alice’s Bell state measurement is per-
fect, while the decoherence only takes place during the
establishment of the channel state (e.g., a third party pre-
pares the maximally entangled Bell state at time t = 0,
and then sends one qubit to Alice and another one to Bob
after a time interval t0. During the transmission process,
the two qubits may be exposed to the decohering environ-
ment, and thus degrades entanglement between them) as
well as Bob performs the recovery operations (see Figure
1 for an illustration of this process).
For the ideal situation (i.e., no decoherence), if Alice
and Bob share one of the maximally entangled Bell state
|Ψ0〉 = (|00〉+ |11〉)/√2, then according to the definition
of the standard teleportation protocol P0 as stated by
Bennett et al. [1], the joint state composed of the state to
be teleported and the quantum channel can be expressed
as
ρ123 =
1
4
3∑
m=0
Πm12(σ
mρinσ
m), (2)
where ρin = |ϕin〉〈ϕin|, and |ϕin〉 is the unknown one-
qubit state Alice seeks to teleport to Bob, which can be
represented on a Bloch sphere as |ϕin〉 = cos(θ/2)|0〉 +
eiφ sin(θ/2)|1〉, where 0 6 θ 6 pi and 0 6 φ 6 2pi are the
polar and azimuthal angles, respectively. Moreover, Πm12 =
|Ψm〉〈Ψm| (m = 0, 1, 2, 3) denote the Bell state measure-
ments performed by Alice, with |Ψ0,3〉 = (|00〉 ± |11〉)/√2
and |Ψ1,2〉 = (|01〉 ± |10〉)/√2 being the four Bell states.
It follows immediately from equation (2) that if Alice’s
measurement outcome is m, then Bob’s unitary operation
to recover |ϕin〉 will be σm. For general cases, the chan-
nel state ρ(α) established between Alice and Bob at an
arbitrary time t0 will be mixed due to the unavoidable in-
teraction of the two-qubit system with the decohering en-
vironment, and thus severely undermines the feasibility of
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entanglement as a resource for teleportation. The explicit
forms of ρ(α) can be obtained by solving the appropriate
master equation (1) with ρ(α)(0) = |Ψ0〉〈Ψ0| as the initial
condition. Here α = p, di, no or de indicates the case that
the channel state is protected perfectly, or corrupted by
the dissipative, noisy or dephasing environment. If Alice’s
measurement has outcome m, she tells this measurement
result to Bob in a classical way, then the output state
(teleported via the state ρ(α)) after Bob’s recovery opera-
tions conditioned on the two bits of classical information
received from Alice is given by
E(β)m [ρ(α)] =
1
P
(α)
m
R(β)m {tr1,2[(Πm12 ⊗ σ03)(ρin ⊗ ρ(α))]}, (3)
where P
(α)
m = tr1,2,3[(Π
m
12 ⊗ σ03)(ρin ⊗ ρ(α))] is the proba-
bility for Alice to get the measurement outcome m. σ03 is
the 2×2 identity matrix acting on qubit 3. R(β)m is a trace-
preserving quantum operation carried out by Bob for the
purpose of accomplishing the teleportation process, where
β = di, no or de indicates if Bob’s operation is infected
with the dissipative, noisy or dephasing environment. The
explicit form of R(β)m {ρ} can be derived from equation (1)
with the system Hamiltonian Hˆ = Hˆm = −ωσm/2, which
generates an anticlockwise coherent rotation of a qubit
about the m-axis at the rate ω [20].
The resemblance of the two quantum states before
and after teleportation can be quantified by the fidelity
f
(β)
m [ρ(α)] = 〈ϕin|E(β)m [ρ(α)]|ϕin〉 [20], which measures the
overlap between the states |ϕin〉 to be teleported and the
output state with the density operator E(β)m [ρ(α)]. Since
|ϕin〉 is in general unknown, it is more beneficial to cal-
culate the average fidelity (the fidelity averaged over all
possible Alice’s measurement outcomes m and all possible
pure input states |ϕin〉 on the Bloch sphere) to quantify
the teleportation process. This average fidelity is defined
as
F (β)[ρ(α)] =
1
4pi
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ
3∑
m=0
P (α)m f
(β)
m [ρ
(α)],
(4)
where 4pi is the solid angle.
3 Teleportation with environment-disturbed
recovery operations
To begin with, we first explore the special case that the
channel state is prepared maximally and distributed per-
fectly between Alice and Bob. For this case, we always
have ρ(p) = |Ψ0〉〈Ψ0|, combination of this with equations
(3) and (4) one can derive exactly the complete analytical
forms of the average fidelity with Bob’s recovery operation
corrupted by the dissipative, noisy or dephasing environ-
ment. Their explicit expressions are as follows
F (di)[ρ(p)] =
1
2
+
1
12
(e−γt − α1 + 2α2 + α3)
+
1
6
e−γt/2 sin2
ωt
2
,
F (no)[ρ(p)] =
7
12
+
1
6
(β2 − β1) + 1
12
e−2γt
+
1
6
e−γt sin2
ωt
2
,
F (de)[ρ(p)] =
2
3
+
1
6
(µ2 − µ1) + 1
6
e−γt/2 sin2
ωt
2
,
(5)
where the corresponding parameters αi (i = 1, 2, 3), βj
and µj (j = 1, 2) are given by
α1 =
4u(γ2 + ω2) cosh(ut)− γ(γ2 + 5ω2) sinh(ut)
4u(γ2 + 2ω2)
×e−3γt/4 + ω
2
γ2 + 2ω2
,
α2 =
4ue−γt/2 − [γ sinh(ut) + 4u cosh(ut)]e−3γt/4
8u
,
α3 =
4uω2 − [3γ sinh(ut) + 4u cosh(ut)]ω2e−3γt/4
4u(γ2 + 2ω2)
,
β1 =
2v − [γ sinh(vt) − 2v cosh(vt)]e−3γt/2
4v
,
β2 =
2ve−γt − [γ sinh(vt) + 2v cosh(vt)]e−3γt/2
4v
,
µ1 =
4u+ [γ sinh(ut) + 4u cosh(ut)]e−γt/4
8u
,
µ2 =
4ue−γt/2 + [γ sinh(ut)− 4u cosh(ut)]e−γt/4
8u
,
(6)
with
u =
1
4
√
γ2 − 16ω2, v = 1
2
√
γ2 − 4ω2. (7)
Since F (β)[ρ(p)] (β = di, no, de) is a function of the ro-
tation rate ω, decoherence rate γ as well as the time inter-
val t during which Bob performs the recovery operations,
there exists a critical time t
(β)
c [ρ(p)] at which the aver-
age teleportation fidelity attains its maximum, denoted by
F
(β)
max[ρ(p)]. This maximum is reached whenever t satisfies
the relations ∂F (β)[ρ(p)]/∂t = 0 and ∂2F (β)[ρ(p)]/∂t2 < 0.
Complete forms of the above two nonlinear equations can
be derived straightforwardly from equations (5), (6) and
(7), however, since the expressions of F (β)[ρ(p)] are so com-
plicated, it is very difficult to obtain analytical solutions
of them, thus we resort to numerical methods. The cor-
responding results are plotted in Figure 2(a) and Figure
3(a), from which one can see that for a given decoherence
rate γ, the critical time t
(β)
c [ρ(p)] decreases monotonously
with increasing ω and we always have t
(de)
c [ρ(p)] > t
(di)
c [ρ(p)]
> t
(no)
c [ρ(p)], while the maximum average fidelity F
(β)
max[ρ(p)]
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Fig. 2. (Color online) Critical time t
(β)
c [ρ
(α)] versus the rota-
tion rate ω, where the decoherence rate is given by γ = 0.1, and
in (b), (c) and (d) the curves are plotted with the transmission
time t0 = 2.
increases with increasing ω or decreasing t
(β)
c [ρ(p)] and ap-
proaches to its asymptotic value when ω is infinitely large
(when γ = 0.1 and ω = 200, we can obtain F
(di)
max[ρ(p)] ≃
0.92163, F
(no)
max [ρ(p)] ≃ 0.92138 and F (de)max [ρ(p)] ≃ 0.92177,
and the differences between them becomes smaller and
smaller with increasing ω). However, in contrast to those
in reference [18] (i.e., the channel is perfect while Bob’s
recovery operations are corrupted by intrinsic, bit-flip or
bit-phase-flip noise) where the maximum of the average
teleportation fidelity is always larger than the classical
limiting value of 2/3 [21], there exists a critical rotation
rate ω
(β)
c [ρ(p)] smaller than which the standard teleporta-
tion protocol P0 will fail to achieve nonclassical fidelity.
ω
(β)
c [ρ(p)] increases monotonously with increasing value
of γ, and when γ = 0.1 we have ω
(di)
c [ρ(p)] ≃ 0.11192,
ω
(no)
c [ρ(p)] ≃ 0.12999 and ω(de)c [ρ(p)] ≃ 0.03829. Moreover,
for any fixed decoherence rate γ, we always have the re-
lations F (de)[ρ(p)] > F (di)[ρ(p)] > F (no)[ρ(p)] associated
with the maximum average teleportation fidelity, which
indicates that the devastating effects of the noisy environ-
ment is more severe than those of the dissipative and the
dephasing environments.
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Fig. 3. (Color online) The maximum of the average telepor-
tation fidelity F
(β)
max[ρ
(α)] versus the rotation rate ω, where the
decoherence rate is given by γ = 0.1, and in (b), (c) and (d)
the curves are plotted with the transmission time t0 = 2.
Consider now the situation in which the transmission
process of the two qubits constitute the quantum channel
are infected with the dissipative environment (see Figure
1) under an interval of time, say t0. Then the initial max-
imally entangled Bell state |Ψ0〉 will be destroyed, and
by solving the appropriate master equation (1) with |Ψ0〉
as the initial condition and the generators of decoher-
ence given by Lk = σ−k , one can obtain the analytical
expressions of the nonzero elements of ρ(di)(t0) explicitly
as ρ
(di)
11 (t0) = e
−2γt0/2, ρ
(di)
14,41(t0) = e
−γt0/2, ρ
(di)
22,33(t0) =
(e−γt0 − e−2γt0)/2, and ρ(di)44 (t0) = 1 − e−γt0 + e−2γt0/2,
whose concurrence (a measure of pairwise entanglement
introduced by Wootters [22]) C(t0) = e
−2γt0 decays ex-
ponentially with increasing time t0 , which forecasts the
possible depression of the teleportation fidelity of the ex-
pected outcomes. By solving again the master equation (1)
with ρ(di)(t0) as the initial state and Hˆm = −ωσm/2 as the
Hamiltonian of the system and then combining the corre-
sponding solutions with equations (3) and (4), one can
derive the explicit forms of the average fidelity F (β)[ρ(di)]
with Bob’s recovery operations disturbed by the dissipa-
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tive, noisy and dephasing environments, as
F (di)[ρ(di)] =
1
2
+
1
12
(2e−2γt0 − e−γt0)
×(e−γt − α1 + α3) + 1
6
α3
+
1
6
e−γt0
(
α2 − α3 + e−γt/2 sin2 ωt
2
)
,
F (no)[ρ(di)] =
2
3
+
1
6
(e−2γt0 − e−γt0)(e−2γt − 2β1 + 1)
−1
6
β1 +
1
6
e−γt0
(
β2 + e
−γt sin2
ωt
2
)
,
F (de)[ρ(di)] =
2
3
+
1
3
(e−2γt0 − e−γt0)(1 − µ1)− 1
6
µ1
+
1
6
e−γt0
(
µ2 + e
−γt/2 sin2
ωt
2
)
,
(8)
where the corresponding parameters αi (i = 1, 2, 3), βj
and µj (j = 1, 2) appeared in the above equations are com-
pletely the same as those expressed in equation (6). Since
their expressions are still so complicated, we resort to nu-
merical methods again. The critical time t
(β)
c [ρ(di)(t0)] at
which the average fidelity attains its maximum versus the
rotation rate ω are displayed in Figure 2(b), while the
maximum of F (β)[ρ(di)(t0)], denoted by F
(β)
max[ρ(di)(t0)],
versus ω are displayed in Figure 3(b), both with the deco-
herence rate and the transmission time given by γ = 0.1
and t0 = 2, respectively. From Figure 2(b) one can see that
although the dissipative environment disentangling the
two qubits involved in the quantum channel exponentially,
the ω dependence of the critical time t
(β)
c [ρ(di)(t0)] displays
nearly the same behaviors as those of t
(β)
c [ρ(p)]. In gen-
eral, we have t
(β)
c [ρ(di)(t0)] > t
(β)
c [ρ(p)], t
(β)
c [ρ(no)(t0)] >
t
(β)
c [ρ(p)] and t
(β)
c [ρ(de)(t0)] < t
(β)
c [ρ(p)], however, the dif-
ferences between them are very small. Particularly, in the
large ω region this difference can even be neglected (cf.
the curves displayed in Figures 2(a) and 2(b)). When con-
sidering the maximum average fidelity F
(β)
max[ρ(di)(t0)], as
can be seen from Figure 3(b), it also increases with in-
creasing ω, and approaches to its asymptotic value which
is smaller than that of Alice and Bob share the ideal chan-
nel state |Ψ0〉 in the limit of ω →∞ (when γ = 0.1, t0 = 2
and ω = 200, one can obtain F
(di)
max[ρ(di)(t0)] ≃ 0.82629,
F
(no)
max [ρ(di)(t0)] ≃ 0.82609 and F (de)max [ρ(di)(t0)] ≃ 0.82638).
The depression of the average fidelity can be attributed to
the exponential decay of the entanglement of the channel
state during the transmission time t0.
For any fixed decoherence rate γ, equation (8) also
gives the constraint on a critical rotation rate ω
(β)
c [ρ(di)]
smaller than which the standard teleportation protocol
will fail to yield an average fidelity better than classically
possible. ω
(β)
c [ρ(di)] increases with increasing value of γ
(when γ = 0.1 and t0 = 2, we can obtain ω
(di)
c [ρ(di)] ≃
0.14719, ω
(no)
c [ρ(di)] ≃ 0.31763 and ω(de)c [ρ(di)] ≃ 0.06229).
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Fig. 4. (Color online) Critical rotation rate ω
(β)
c [ρ
(α)] versus
the transmission time t0 with the decoherence rate given by
γ = 0.1 and Bob’s recovery operations corrupted by the dis-
sipative (denoted by the black circles with t0 ∈ [0.15, 13.8]),
noisy (denoted by the red circles with t0 ∈ [0.1, 3.43]) and de-
phasing (denoted by the blue circles with t0 ∈ [0.15, 11.85])
environment. Here the black, red and blue lines show the
corresponding data fitting results with t0 ∈ [0.15, 7.85] (a),
t0 ∈ [0.1, 2.98] (b), and t0 ∈ [0.15, 11.85] (c). Moreover, the
insets in (a) and (b) show behaviors of ω
(β)
c [ρ
(α)] in the small
regions of t0, where the labels of the horizontal and vertical
axes are omitted for compaction of the plots.
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Table 1. The coefficients a, b, c and d appeared in the data
fitting equation ω
(β)
c [ρ
(α)] = aebt0 + cedt0 with different im-
perfect channel states (denoted by α = di, no or de) and dif-
ferent environment-disturbed recovery operations (denoted by
β = di, no or de).
α β a b c d
di 0.1087 0.1224 0.003274 0.4707
di no 0.1981 0.1317 0.02590 0.4206
de 0.03886 0.2333 0.00001795 0.8284
di 0.1129 0.3115 0.001157 2.014
no no 0.2251 0.3220 0.001967 2.064
de 0.03893 0.4788 0.0002784 2.254
di 0.02222 -0.0006913 0.08975 0.1007
de no 0.05079 0.008443 0.1731 0.1021
de 0.03666 0.04937 0.001702 0.1574
However, in big contrast to those with the ideal channel
state |Ψ0〉 in which Bob’s imperfect recovery operations do
not result in an average fidelity worse than that achievable
via purely classical communication alone, our numerical
results demonstrated that here F
(β)
max[ρ(di)] cannot exceed
its classical limiting value of 2/3 when the transmission
time t0 is longer than a critical value t0,c (for γ = 0.1
this critical value can be obtained approximately as t0,c ≃
14.212). In the region of t0 < t0,c, we plotted the critical
rotation rate ω
(β)
c [ρ(di)] versus the transmission time t0 in
Figure 4(a) as hollow circles, from which one can see that
ω
(β)
c [ρ(di)] increases with increasing time t0. Particularly,
in the small region of t0, ω
(β)
c [ρ(di)] can be approximately
fitted as
ω(β)c [ρ
(di)] = aebt0 + cedt0 , (9)
where the coefficients a, b, c and d are given in Table 1. The
corresponding data fitting results are plotted in Figure
4(a) as black, red and blue lines, respectively. Clearly, in
the small t0 region, ω
(β)
c [ρ(di)] increases exponentially with
the increase of t0 and the data fitting results are very well,
while in the large t0 region, the divergence of the data
fitting results from the real critical rotation rate becomes
larger and larger with increasing t0.
If the transmission process is infected with the noisy
environment, suppose it takes time t0 for the two qubits
to reach Alice and Bob. Then by solving the appropriate
master equation (1) with the generators of decoherence
given by Lk,1 = σ−k and Lk,2 = σ+k , we can obtain ex-
plicitly the nonzero elements of ρ(no)(t0) as ρ
(no)
11,44(t0) =
(1 + e−4γt0)/4, ρ
(no)
14,41(t0) = e
−2γt0/2 and ρ
(no)
22,33(t0) =
(1−e−4γt0)/4. The concurrence [22] of ρ(no)(t0) is given by
C(t0) = max{0, e−2γt0 + e−4γt0/2 − 1/2}. Different from
the former case, here the concurrence decays with increas-
ing t0 and becomes zero abruptly at γt0 = [ln(
√
2+1)]/2 ≃
0.440687, and remains zero thereafter, which is known
as entanglement sudden death (ESD) observed previously
by Yu and Eberly [23] and has been extensively studied
recently. Thus it is reasonable to conjecture that when
the transmission time t0 becomes longer than [ln(
√
2 +
1)]/2γ, the teleportation protocol will fail to achieve non-
clacssical fidelity. In fact, the critical transmission time
for F
(β)
max[ρ(no)(t0)] is much smaller than [ln(
√
2 + 1)]/2γ
(see the following text). To see this more clearly, we solve
again the master equation (1) with ρ(no)(t0) as the ini-
tial state and Hˆm = −ωσm/2 as the system Hamiltonian,
and by combination of the corresponding solutions with
equations (3) and (4), we obtain
F (di)[ρ(no)] =
1
2
+
1
12
e−4γt0(e−γt − α1 + α3)
+
1
6
e−2γt0
(
α2 + e
−γt/2 sin2
ωt
2
)
,
F (no)[ρ(no)] =
1
2
+
1
12
e−4γt0(e−2γt − 2β1 + 1)
+
1
6
e−2γt0
(
β2 + e
−γt sin2
ωt
2
)
,
F (de)[ρ(no)] =
1
2
+
1
6
e−4γt0(1− µ1)
+
1
6
e−2γt0
(
µ2 + e
−γt/2 sin2
ωt
2
)
.
(10)
The maximum of the average fidelity F (β)[ρ(no)(t0)]
is achieved at the critical time t
(β)
c [ρ(no)(t0)], whose ω
dependence is plotted in Figure 2(c) with the decoher-
ence rate and the transmission time given by γ = 0.1 and
t0 = 2, while the ω dependence of F
(β)
max[ρ(no)(t0)] is plot-
ted in Figure 3(c), still with γ = 0.1 and t0 = 2. From
these two figures one can observe that they display very
similar behaviors as those with the transmission process
of the two qubits disturbed by the dissipative environ-
ment, i.e., t
(β)
c [ρ(no)(t0)] decreases while F
(β)
max[ρ(no)(t0)]
increases with increasing value of ω. But now the magni-
tudes of F
(β)
max[ρ(no)(t0)] are further depressed (for the case
of γ = 0.1, t0 = 2 and ω = 200, we have F
(di)
max[ρ(no)(t0)] ≃
0.74651, F
(no)
max [ρ(no)(t0)] ≃ 0.74637 and F (de)max [ρ(no)(t0)] ≃
0.74658). This phenomenon may be caused by the compe-
tition between the two generators Lk,1 = σ−k and Lk,2 =
σ+k of decoherence. Also we found that the critical rotation
rate ω
(β)
c [ρ(no)(t0)] after which F
(β)
max[ρ(no)(t0)] exceeds the
classical limiting value 2/3 is enhanced. For instance, we
have ω
(di)
c [ρ(no)(t0)] ≃ 0.27823, ω(no)c [ρ(no)(t0)] ≃ 0.55646
and ω
(de)
c [ρ(no)(t0)] ≃ 0.12794 if γ = 0.1 and t0 = 2. More-
over, the maximum average teleportation fidelity cannot
exceed 2/3 when the transmission time t0 is larger than
a critical value t0,c (for γ = 0.1 this critical value can be
approximated as t0,c ≃ 3.549). When t0 < t0,c, from Fig-
ure 4(b) one can observe that ω
(β)
c [ρ(no)] can also be fitted
very well as ω
(β)
c [ρ(no)] = aebt0+cedt0 (with the coefficients
a, b, c and d given in Table 1) in the small t0 region, while
in the large t0 region, the divergence of the corresponding
data fitting results from the real critical rotation rate also
increases with increasing t0.
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For the case that the transmission process of the two
qubits from the EPR source to Alice and Bob is infected
with the dephasing environment, we obtain the nonzero
elements of ρ(de)(t0) as ρ
(de)
11,44(t0) = 1/2 and ρ
(de)
14,41(t0) =
e−γt0/2, which yields the concurrence [22] C(t0) = e
−γt0 .
C(t0) also decays exponentially with increasing t0, with
however, the decay rate smaller than that under the in-
fluence of the dissipative environment, thus it is natural
to expect an enhancement of the average teleportation fi-
delity. By solving the master equation (1) with ρ(de)(t0)
as the initial state and Hˆm = −ωσm/2 as the system
Hamiltonian, and then inserting the corresponding solu-
tions into equations (3) and (4), we obtain F (β)[ρ(de)] with
Bob’s recovery operations executed in the presence of the
dissipative, noisy and dephasing environments, as
F (di)[ρ(de)] =
1
2
+
1
12
(e−γt − α1 + α3)
+
1
6
e−γt0
(
α2 + e
−γt/2 sin2
ωt
2
)
,
F (no)[ρ(de)] =
7
12
+
1
12
e−2γt − 1
6
β1
+
1
6
e−γt0
(
β2 + e
−γt sin2
ωt
2
)
,
F (de)[ρ(de)] =
2
3
− 1
6
µ1 +
1
6
e−γt0
(
µ2 + e
−γt/2 sin2
ωt
2
)
.
(11)
Still there exists a critical time t
(β)
c [ρ(de)(t0)] at which
the average fidelity F (β)[ρ(de)] attains its maximum value.
t
(β)
c [ρ(de)(t0)] and F
(β)
max[ρ(de)(t0)] versus the rotation rate
ω are shown in Figure 2(d) and Figure 3(d), where the
decoherence rate and the transmission time are chosen to
be γ = 0.1 and t0 = 2, respectively. These two figures dis-
play very similar behaviors with those of the former cases.
But now the magnitudes of F
(β)
max[ρ(de)(t0)] are slightly en-
hanced (e.g., when γ = 0.1, t0 = 2 and ω = 200, we
have F
(di)
max[ρ(de)(t0)] ≃ 0.87496, F (no)max [ρ(de)(t0)] ≃ 0.87474
and F
(de)
max [ρ(de)(t0)] ≃ 0.87510) compared with that of the
transmission process being disturbed by the noisy environ-
ment. Also our numerical results demonstrated that in or-
der for F
(β)
max[ρ(de)(t0)] to exceed 2/3, the transmission time
must be shorter than a critical value t0,c (t0,c ≃ 12.194
when γ = 0.1). In the region of t0 < t0,c, the critical ro-
tation rate ω
(β)
c [ρ(de)] after which F
(β)
max[ρ(de)(t0)] exceeds
2/3 exhibits an exponential increase with increasing t0
(we have ω
(di)
c [ρ(de)] ≃ 0.13194, ω(no)c [ρ(de)] ≃ 0.26389 and
ω
(de)
c [ρ(de)] ≃ 0.04273 when γ = 0.1 and t0 = 2 ), and as
can be seen from Figure 4(c), it can also be fitted very
well as ω
(β)
c [ρ(de)] = aebt0 + cedt0 , where the coefficients a,
b, c and d are displayed in Table 1.
Now we make some discussion about the physical im-
plications of the phenomena displayed in Figures 2 and
3. Since decoherence occurs in all real physical entities, it
is essential to reduce the gap between the experimentally
achieved coherence lifetimes and those required by the-
ory for quantum teleportation to become practical. For
spin qubits the coherence times in general are very short
(e.g., coherence time of about 3.0 µs has been reported for
quantum dot electron spins [24], and conherence time of
about 30 µs has been demonstrated experimentally in ir-
radiated malonic acid crystals at temperature 50 K [25]),
thus for the teleportation protocol to remain effective, the
rotation operation to the target qubit must be performed
on a timescale in which the coherence of the spin is pre-
served. The curves in Figures 2 and 3 show evidently that
the quality of quantum teleportation can be improved sig-
nificantly by increasing the rotation rate ω and thus the
resultant gate operation times can be shortened, this in-
dicates that the large rotation rate to the target spin is
beneficial to quantum teleportation.
Finally, we would like to make a comparison of the ro-
bustness of the standard teleportation protocol P0 when it
is executed with different (perfect or decohering) quantum
channels as well as different environment-disturbed recov-
ery operations. First, for fixed α = p, di, no or de (i.e., the
case with the same quantum channels but different imper-
fect recovery operations), we always have F
(de)
max [ρ(α)(t0)] >
F
(di)
max[ρ(α)(t0)] > F
(no)
max [ρ(α)(t0)]. This relation reveals that
under the condition of the same decoherence rate γ, the
destructive effects of the noisy environment on Bob’s re-
covery operation is more severe than that of the dissipa-
tive or the dephasing environment, thus it is reasonable
to obtain the relation ω
(de)
c [ρ(α)(t0)] < ω
(di)
c [ρ(α)(t0)] <
ω
(no)
c [ρ(α)(t0)] for the critical rotation rate. Second, for
any fixed β = di, no or de (i.e., the case with differ-
ent quantum channels but the same recovery operations),
we always have the following two relations: F
(β)
max[ρ(p)] >
F
(β)
max[ρ(de)(t0)] > F
(β)
max[ρ(di)(t0)] > F
(β)
max[ρ(no)(t0)] for the
maximum average teleportation fidelity, and ω
(β)
c [ρ(p)] <
ω
(β)
c [ρ(de)(t0)] < ω
(β)
c [ρ(di)(t0)] < ω
(β)
c [ρ(no)(t0)] for the
critical rotation rate. These demonstrate again that the
devastating effects imposed by the noisy environment on
the standard teleportation protocol P0 is the most serious
one compared with the other cases.
4 Summary and discussion
In summary, we have studied standard teleportation pro-
cess of an arbitrary one-qubit state with both the trans-
mission process of the two qubits constitute the quan-
tum channel and the recovery operations performed by
Bob disturbed by the dissipative, noisy and dephasing en-
vironments. Through detailed analyzation of the average
fidelities with different situations, we demonstrated that
provided Alice and Bob share an ideal channel state, Bob’s
environment-disturbed recovery operations do not elimi-
nate the possibility for teleporting the one-qubit state with
nonclassical fidelity. When the transmission process of the
two qubits is corrupted by decohering environment, how-
ever, there exists a constraint on the transmission time
t0, denoted by t0,c, after which the standard teleportation
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protocol P0 will fail to attain an average fidelity better
than classically possible.
We have also compared the robustness of the telepor-
tation protocol P0 with different (perfect or decohered)
quantum channels and different imperfect recovery opera-
tions, and obtained the following two general relations for
the average fidelities: (i) F
(de)
max [ρ(α)(t0)] > F
(di)
max[ρ(α)(t0)] >
F
(no)
max [ρ(α)(t0)], and (ii) F
(β)
max[ρ(p)] > F
(β)
max[ρ(de)(t0)] >
F
(β)
max[ρ(di)(t0)] > F
(β)
max[ρ(no)(t0)]. We have therefore re-
vealed that under the condition of the same decoherence
rate γ, the standard teleportation protocol P0 is signifi-
cantly more fragile under the influence of the noisy envi-
ronment than those under the influence of the dissipative
and the dephasing environments.
Besides decoherence processes considered in this work,
Alice’s Bell state measurement may also be disturbed by
the decohering environments [14]. Even though not shown
here it will result in a further depression of the average
teleportation fidelity. Thus in spite of the existence of
certain special conditions under which the teleportation
fidelity may be enhanced to some extent by the local en-
vironment [26,27], finding ways to stabilize the entangled
channel state and to minimize, delay or even eliminate the
devastating effects of the decohering environment is still
an challenging task in the physical realization of the tele-
portation protocol. Moreover, understanding the influence
of surrounding environments on an open quantum system
such as the mechanisms of decoherence and the dynamics
of entanglement is also both of fundamental interest in
quantum foundation issues and of practical importance in
quantum information theory.
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